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Abstract

The aim of this paper is to investigate the existence of optimal
controls for systems described by stochastic partial differential equa-
tions (SPDEs) with locally monotone coefficients controlled by differ-
ent external forces which are feedback controls. We apply our result
to various types of SPDEs such as the stochastic 2-D Navier-Stokes
equation, the stochastic nonlocal equation, stochastic linear equations

and stochastic semilinear equations.

Keywords:Stochastic optimal control; Stochastic partial differential equa-
tion.

AMS Subject Classification 2010: 93E20; 60H15.

!Supported by CAPES Grant 480356/2010-6.


http://arxiv.org/abs/1704.04077v1

1 Introduction

Let H be a real separable Hilbert space. Let V' be a reflexive Banach space.
Identify H with its dual H' and denote the dual of V by V’. Let

VcCH2H cV’

where the inclusions are assumed to be dense and compact. The triad
(H,V,V') is known as a Gelfand triple. We will denote by || - |lv, || - |,
|| - [[v+ the norms in V, H, and V' respectively. The inner product in H and
the duality scalar product between V and V' will be denoted by (-,-) and
(-,-) respectively.

Let {Wt}tzo be a cylindrical Wiener process on a separable Hilbert space U
w.r.t. a complete filtered probability space (2, F, F;,P) and (Lo(U; H), ||-||2)
denotes the space of all Hilbert-Schmidt operators from U to H.

Let T > 0 be some fixed time. Consider the following initial value problem

involving a controlled SPDE differential of the form:
du(t) = (A(t, u(t), u(t)) + (¢, u(t)))dt + E(E, u(t))dW (t), u(0) = uo (1)

where A : [0,T] x V xV xQ — V', & : [0,T] x HxQ — H and
E:00,T] x V x Q — Ly(U; H) are progressively measurable, A satisfies
a locally monotone condition (see condition A2 below) and ® is a control.
In this paper we will study the existence of an optimal control which min-
imizes the cost function J(®) with ® belonging to U, the set of controls
associated with the controlled initial value problem ().

The problem of the existence of an optimal control for SPDEs is an im-
portant question in optimal control theory and often resolved by assuming
that the set of admissible controls is compact and by using the Main The-

orem for Minimum Problems (see [13], Theorem 38.B ). In order to answer



this question, we use a weaker condition to the set of admissible controls
which is weak sequentially compact and similarly with the Theorem 38.A of
Zeidler [13], we assume that the functional cost is weak sequentially lower
semicontinuous. The problem of the existence of an optimal control for
SPDEs has been studied by several authors, for example, by Nagase [10],
Buckdahn and Réagcanu [3], Gatarek and Sobczyk [5], Guisepina and Feder-
ica [6], and Al-Hussein [I] but the results of these papers cannot be applied
in the study of the equation in () because they assume semilinearity or
boundedness for the nonlinearities. The existence of optimal controls for
the stochastic Navier - Stokes equation was studied in [2]. Following the
ideas of [2] we obtain a generalization demonstrating the existence of op-
timal control to a wide class of SPDEs with locally monotone coefficients.
Thus, the paper [2] is a particular case of the present work. Furthermore,
our result (Theorem [Z3]) may also be applied to demonstrate the existence
of optimal control to other locally monotone SPDEs as we will see in Section
3, it is worth pointing out that the Example 3.3 demonstrating the existence
of optimal control to stochastic nonlocal parabolic equationis is new in the
literature. In spite of assumptions within the Theorem 2.3] the examples
that we get demonstrating the existence of optimal control show us that
these assumptions are not very restrictive.

The article is organized in the following way: in Section 2, we present
the basic spaces, the norms, properties and notations which we are going to
work with in the subsequent sections. We formulate the control problem,
which is the goal of this work and we prove the existence of an optimal
control. The idea is to prove that a minimizing sequence has a subsequence
which converges weakly (see Lemma [2] ). Then, we prove that weak con-

vergence of the feedback controls implies strong convergence of a subse-



quence of the corresponding solutions (see Theorems 2.1] and 2.2]). Finally,
in Section 3 we provide examples where our result is applied to the stochas-
tic 2-D Navier-Stokes equation , the stochastic nonlocal equation and the
stochastic semilinear equation. To simplify notation, we use the letter T for
the interval [0,T]. Let (€2, F,PP) be a complete probability space, (F¢),cr
a right-continuous filtration such that Fy contains all F—null sets and let
E(X) denote the mathematical expectation of the random variable X. We
abbreviate “almost surely w € €2.” to a.s.

Let B be a Banach space with norm || - ||p and let B(B) denote the
Borel o—algebra of B. The space L*(Q x T;B) is the set of all F ®
B(T)—measurable processes u :  x T — B which are F;— adapted and
E(J; lul%dt) < oo. The constant cgy is such that [|v]|? < cgy ][} for all
veV.

In order to get solutions to (), we state the following conditions on the
coefficients: Suppose there exist constants « > 1, 8 > 0,0 > 0, K > 0
and a positive adapted process f € L([0,7] x €2;R) such that the following

conditions hold for all v, v1, v2 € V and a.e. (t,w) € T x Q.

A1) (Hemicontinuity) The map s — (A(t,v1 + sv2, v1 + sv2),v) + (P(t,v1 +
svg),v) is continuous on R.

A2) (Local monotonicity)

2<A(7f, Ul,’Ul) — A(t, V2, ’U2), v — U2>—|— 2<(I)(7f, Ul) — ‘I)(t, ’U2), V1 — ’U2>+
HIE(# v1) = E(tv)[3 < (K + p(v2))[lor — w2,
where p : V' — [0, +00) is a mensurable function and locally bounded

in V.
A3) (Coercivity)

2(A(t, 01, v1), 1) +2(@(t, v1), 1)+ E(t v1) |3+ < =)ol [F+HE o] >+ ().



A4) (Growth)

1At w1, 00) [ + @ v)lFe < (F() + Kol (L + (o))

In this work, we understand that the stochastic process ug is a solution to

the problem in () in the following sense.

Definition 1.1 Let ug be a random variable which does not depend on W (t).
The stochastic process (ua(t))er € L*(Q x T; V), Fi— adapted, with a.s.
sample paths continuous in H, is a solution to (1) if it satisfies the equation:
t t
(us(t). )= (u0,0)+ [ (Alua(s). o) ds+ [ (@(s.un().0)ds+

t @)
+ [ 0 E ()W ()

a.s. forallveV andt eT.
Uniqueness means indistinguishability.

We need the following existence of solutions theorem, the result is a partic-

ular case of Theorem 1.1 of [8], but sufficient for our objective.

Theorem 1.1 Let ug € L*(2, V). Suppose that (A1) - (A4) is satisfied and
there is a constant C such that
ot v)I5 +IEEIF < CUfH) +lvI?), teT, veV; @
pv) < COA+ o)+ [ol?) veV.

The problem (3) has a unique solution ug which has a.s. sample paths

continuous i H.

Proof: See Theorem 1.1 of [§] . O



2 Formulation of the control problem and main

result

We consider the controlled SPDE () controlled by continuous feedback con-
trols and we denote by U := {® : T x L*(D) — L*(D)} the set of the ad-

missible controls satisfying:
12(0,0)[* <7 as. (4)

and for all s,t €T, x,y € H
|@(t, ) — @(s,9)|> < Alt — s> + allz —y|* a.s. (5)

where 7, A\, a are positive constants.
Furthermore, we will assume that the coefficients of (Il satisfy the following

conditions, for all v, v1, vo € V and a.e.(t,w) € T x £

C1) there is a constant L > 0 such that
IE(t, v1) = E(t,v2)[13 < Lljor — v2]|* and [|E(t, v1)]l2 = 0
C2) there are nonnegative constants K7 and J; such that
(A(t,0,01),01) < —Eilor[[§; + Jiflor||?
C3) there is a positive constant #; such that
(A(t,v,v1) — A(t,v,v9),v1 — V) < =0 [J[v1 — ng%/

C4) there are nonnegative constants ci, ¢, ¢3, ¢4, 5, ¢g and ¢7 such that

<A(t,U1,U2) - A(t,’l)g,’l)g), Vg — /U3> S

1/2
Y20 — w31/ vz — vs|| /2 +

1/2
< erlloy — vallvllor — w3l [lor — s
+eallorfl[Jor|[v]vr —vallv (o — vall + (e7 4 esp(vr))|lve — vs|*+

+eallvg — v1]|f + esp(v)l| v1 — vl — csllva — vl



C5) there are nonnegative constants 2, ps, p4 and ps such that
1At v, 01) I3 < 6a [[o1][3 + pallol*[o]5 + pallor[I*]|o1 13- + ps

Remark 2.1 Under the conditions (), (3) and (C1) the solution ug 0b-

tained in the Theorem [I1 satisfies:

T
B fua O + B[ luo(s)pds) < cE(lol®)  ©)
teT 0
and . ,
Bup lus()+ 5 [ lus(o)l?ds) < cB(l) (0

where ¢ = ¢(L,n, A\, «,0,T) is a positive constant.
Let us now define the cost functional

J(®) := E(/OT <£(S,Uq>(s)) + K(@(S,wp(s))))ds) +EH(ua(T))), @l

(8)

whenever the integral in (§) exists and is finite, with £: T x H}(D) — Ry,

K:L?*(D) — Ry, and H : L?(D) — R,. It is required that the mappings K,

H, and u € L*(T; H} (D)) — /T L(s,u(s))ds are weak sequentially lower
semicontinuous. '

Our control problem is to minimize () over U, we denote by (P) the
problem of minimizing 7 among the admissible controls. Any ®* € U sat-
isfying J(®*) = inf{J(®) : & € U} is called an optimal control.

The following lemma proves that given a minimizing sequence for the prob-
lem (P) we can obtain a subsequence and a mapping ® € U, such that the

subsequence converges weakly to ®.

Lemma 2.1 Let ®,, be a minimizing sequence for problem (P ). There exists
a subsequence ng of n and a mapping ® € U such that for allt € T, z, y

€ H, we have

lim (q)nk(tvx)7y) = ((I)(tvx)7y)' (9)

k—00



Proof: See Lemma 4.1 of [2]. O
For simplicity the subsequence of {®,, };-; obtained in the previous
lemma will be relabeled as the same, for this sequence and ® as in the last

lemma let us consider the equation

(g, (t),v) :(uo,v)—i—/o (A(ug(s), 1, (s)),v) ds+

. . (10)
—i—/o (P (s,usp(s)),v) ds—l—/o (v, E(s,ua(s))dW(s))

a.s.,v €V, t €T and for n € Z™. Since the coefficients in the equation (I0)
satisfied the condition (C2), (C3), (A1), (A3) and (A4), there is a unique
process ip, € L*(Q x T; V) which is a solution of (I0) with a.s. continuous
trajectories in H (see Theorem 4.2.4, p. 75 of [I1] or Theorem 3.6, p. 32 of

[7]) satisfying:

T 2 T
E<ig§; g, ()][*)+E </0 Hﬂ@n(S)H%dS) < C(E(\IUO\I4)+E(/O lua (s)[|*ds))
(11)
where c is a positive constant independent of n.
To obtain the estimates in (II]) we use the Burkholder and Schwarz inequal-

ities.

Theorem 2.1 The solution to (2) and (I0) satisfies:

n—oo

T
i B[ a0 = o, (5 ds) = lim B (g = i, JTYI) = .

Proof: Let us consider the equation

(0,0 = () + [ (Alua(s), 2,00 ds + [ (0,300 00 ()W)
0 0 (12)
a.s.,, v € V and t € T. By a similar argument as in the case of equation
(I0), there exists a unique solution z € L?(Q x T;V) of (I2), which has

a.s. continuous trajectories in H. By using the Gronwall lemma, we get the



estimate

T

T
2 2 2 2
Eggwww>+%mé W®md$§kCHMﬂ)+MA MﬂQH%O-

Then, there exists ka2(w) > 0 and a.s.,

suprer [(0) 2 < ka(w),
T
A\Mﬂ@®SMW)

and

suprer llua (8)]12 < ka(w),
T
/’mawﬁwgmw»
0

Using stochastic integral properties and ([7]), we obtain that for all s,¢ € T,

(14)

t> s,
t
E(H/ E(r,ua (r)dW (r)lly:) < e(t — $)*E([luo]*)
S
As a result of the Kolmogorov continuity test, we get a random variable

H such that
t ~
I E ) aw o) < A - o (15

a.s. with 0 < v < i and for every t,s € T.

Let Q C Q with P(Q) = 1 such that for w € Q the equations in (Z)
and ([2) are satisfied and, for each n € Z*, ({I0) is also satisfied and the
inequalities in (I3]), (I4) and (3] are satisfied.

From (I0)), (I2), (I4) and the properties of A (C3) and ®,, it follows
that for w € Q,

. r. 2 2T(A\T? + 1)
supyer || (e, — 2)(8)[7+ 6’1/0 I(@a, — 2)(s)[[}ds < —* 0 +

220 T 2
+lﬁ—A a3 ds < k(w),

where k(w) is independent of n. Hence, for all n € Z*, we obtain

T
sup s, ()] +P/O g, ()17 ds < k(w) (16)
S

9



for w € Q, where k(w) is a positive constant independent of n.

For w € (), we consider the sequence

Flw) = {ta, (W, )}y

which is bounded because of (I6]).

From (I0), we obtain

lig, (t)— e, (s)I[} < \I/tE(T,U¢(T))dW(T)IIQV/+

+(t — 8)/ (1A(ua (r), do, (rDIT + [|®n(r, ua (r)IIF) dr,

for each t,s € T, t > s. From this, (I5]), (I6) and the properties of A (C5),

d,,, we get
lia, (t) = @, (5)[§r < k(W)(t =) + Hw)(t - 5)>

for v € (0, 1) and where k(w) > 0 is independent of n.

Consequently, F'(w) is equi-continuous in C([0,7],V"'). Now, using Du-
binsky’s Theorem, (see Theorem 4.1, p. 132 of [12]), it follows that F(w) is
relatively compact in L?(0,T; H). Thus, there exists a subsequence ny, of n
and @ € L?(0,T; H) such that

T

lim (i, —@)(s)||ds = 0. (17)

k—o0 0

From (I0), [2) and the properties of A (C3) we obtain

T
g, (T) — ua(T)[> +26, /O (i, — ua)(8)|3dt <
T
< [ (@urltua(®) - 2 us(0). G, — 1)) de+
OT
" /0 (B (1, un () — Bt wa (1)), (4 — w)(8)) .

We use Lemma 2T (') and the properties of ®,, and ® to obtain
T

Jim (e, — up)(T)|> = lim [ ||(is,, —ue)()|dt=0.
—00 k—oo Jo

10



Since every subsequence of (ig, (w, -) has a subsequence which converges
to the same limit ug(,, ) in the space L?(0,T;V), it follows that the sequence
(Us, (w,-) converges to ug(w,-). Similarly, we can conclude that (g, (w,T")
converges to ug(w,T’) in H.

From Remark (ZI)) and (II), the processes (i, ), cr and (ug),p are
uniformly integrable and thus the theorem follows. O

Let (Q(t)) be a H}(D)—valued process with

T
/ |Q(s)|[3ds < 0o and sup ||Q(t)|* < oo a.s.
0 teT

For each M, a nonnegative integer, we define the following stopping times:

t
inf {t eT: / 1Q(s)||3ds > M} ,
TQ = T 0
7, it [ Q) s < M
0
and
70 _ inf {¢t € T : sup;er |Q(E)||> > M}
M =
T, if supyer [Q)|? < M
and Tﬁ = min {Tﬁ,ﬁ?} .
Let ®,, and ® be the sequence and the map obtained in the Lemma 2.7], the

following theorem asserts that there is a subsequence ny, of n such that the

correspondent solutions of (2]) ug,, converge strongly to ug.

Theorem 2.2 Let {®,}, .y be as in the last theorem. There is a subse-

quence ni of n such that

T
im B[ (o — s, )(9)ds) = Jim B(|(uo = uo,, )T = 0.

k—o00

Proof: For the sake of convenience, we use the abbreviations, u := ug and

Ty =Ty for M =1,2,....
2a

t
Let e(t) := exp(/ —2c7 — — — 2L — 2¢e3p(u(s))ds). As a result of the Ito
0 C6

11



formula, we get

T, (i) e, (T = [ o), u() — =0, () 3
2 /OTM e(5)(®n(s,u(s)) — n(s, ua, (), (@, — us,)(s))ds+
+2 /0 Tt e(s) (A(u(s), ia, (5)) — Alus, (5), us, (5)), (ie, — us, )(s)) ds+
+2 /TM e(s) (s, — ua, )(s),Z(s,u(s)) — Z(s, us, (s))dW (s))+

97]%

" /O ¢(5) (i, — i, )(5)|2ds.

Using the properties of A, (C4), ®,, and =,

E(e(Ta)|ltw, (Tar) — ua, (Tar)|I?) + co
Ty
< E( /O ¢'(5) (g, — ua,)(s)]2ds) + 2cs
T
20 [ e(s)(, =)o) ) + 2
T
+261( </ (@0, — ) (5) | (8, —
/Hu%—u sy e [
e M(E / (8, — u)(3)]3ds))"/?

“E(/O (5) | (u — ug, )(s)|2ds) + LE

we get

B( ™ (o), — e, )(5) ) <
B( " e(s)p(u(s) (o, — ) ()] 2ds)+
B( " e(s)p (), — w)(5) )+
ua, )2 + (s, — u)(s)]3ds)+
(i, — u)(8)[[2ds)) 2+

(EGuprer [|(a,, — u)(s)[2) " +

Tar
( /0 e(5) (1 — ua, ) () |2ds) +

T
207K /O (5) | (8, — ua, )(5)[2ds)

12

(18)



oo
From Theorem 2.J] we can get a subsequence {@@nk} that converges to

ua.e. (w,t) € Qx T. Thus, from (I8), we obtain
Tm

B((e(Tos) i, (Tir) — i, (Ti)|2) + es B 4 ()i, — ) (3)[Fds) <

<23 8( [ e(s)plu(s)) o, — )5 ds)+

T 1/2

v2en (B[ (aw, -~ w)lds)
(B M, — s+ [ e, —wo)Pas +
0 " v 0 "k

1/2

T
+E([ l(a0,, —ua, )6} i, —u%k)(s)u%s))) n
T 1/2
oM (E( | lao,, - u)(s)\\%ds>

<E(3uPte11‘H(ﬁ<I>nk - u)(s)H2)>1/ g
T
+(2c4 + 2L + i—g‘)E(/ e(s)||(ta,, — w)(s)||%ds).
0

From this, Theorems 2.1l and the triangle inequality, we obtain

Tm
i B[ s = wa,, ) (o) Fd5) = Jim B( (o — s, ) (Ti0)|) =0,

k—o0
which implies the desired conclusion. O

Finally, we are in a position to formulate our main result.

Theorem 2.3 Under the assumptions of Theorem [I1, if, moreover, the
conditions (C1)-(C2)) are satisfied, then there exists an optimal control for

the problem (P).

Proof: Let {®,} be a minimizing sequence for the problem (P). We apply
Lemma (2I)) and Theorem (Z2]) to this sequence. Thus, there exists a
subsequence {®,, } of {®,} and ® € U such that, for all t € T, z,y € L*(D)

and a.s. w € (), the following hold:

lim <<1>n,c (t,w;;nk),y> = (®(t,ua),y)

k—o00

and
T

Jim [ s, — o) ()ds = Jim (s, —ue)(T)I? = 0.

13



From Theorem (2.2)) and the weak sequentially lower semicontinuous

properties of £, K and H, we get

J(®) <lim inf J(P,,).

k—o0

Since {®,,} is a minimizing sequence for the problem (P), J(®) = minyey J(A)

and thus ® € U is an optimal feedback control for problem (P). O

3 Examples

Example 3.1 The main result can be applied to the initial value problem

involving the linear stochastic evolution equation:
du(t) = (A(t,u(t)) + ®(t,u(t)))dt + Z(t,u(t))dW(t), u(0) =uy  (19)

where A : T xV x Q — V' is a linear operator. Furthermore, we will
suppose that there are constants vy, 1 and 1 such that a.e. (t,w) € T x Q

and vi,vs € V:

1) [(A(t, v1),v2) < aalfor]lv]loz]lv

2) [(A(t,v1),v1) < =Billvil|Z +1llv1l|?. Then, there is an optimal control

® which minimizes the cost functional J given by (8).

Proof: Under the conditions (1) , (2) (above), ), (&) and (C1) it is not
hard to prove that the coefficients of the equation (I9) satisfy the conditions
(A1), (A2) with K = 2y + 2k 4+ o and p(v) = 0 and (A3) with 0 = fi,
K =~ f=1, and (A4) with 8 = 2. Thus from the Theorem [[.T] there is a
solution ug to the equation (I9)).

Taking A(t,u,v) = A(v) we have that the coefficients of the equation (9]

satisfy (C2) with Ky = p1, J1 = 0, (C3) with 6; = 51, (C4) with ¢; =

14



02:03:04:0:05:006:ﬁ1,07:71,and(C5)with6?2:041,
p3 = ps = p5 = 0. So that the claim follows from Theorem 23] O

Let O be a bounded domain in R? with smooth boundary. Define

V={ve H}O,R*):V -v=0aeinO},

1/2
lolly = ( / |Vv|2da:)
O

and H is the closure of V in the following norm

1/2
lvl|m = </ |v|2daz> .
O

The linear operator Py (Helmhotz-Hodge projection) and A (Stokes opera-

with the norm

tor with viscosity constant v) are defined by

Py : L?(O,R?) — H orthogonal projection;
A H*)(O,R)UV — H, Au=vPyAu.

and the nonlinear operator
B:Dgp CHxV — H, B(u,v)=Py(u-Vv) (20)

with notation B(u) = B(u,u).
It is well known then that the Navier-Stokes can be reformulated in the

following abstract form

% =Au+B(u)+ f, in L*0,T;V"), (21)

with the initial condition

u(O) = U € H, (22)

where f € L?(0,T;V’) denotes some external force. It is standard that for
the Gelfand triple
VcCH=H cV,

15



the following maps
A: V=V, B:VxV=V
are well defined and satisfied
(B(u,v),w) = —(B(u,w),v), (B(u,v),v) =0 u,v,w e V.

Now, we consider the following initial value problem stochastic 2-D Navier-

Stokes equation
du(t) = (Au(t)+B(u(t))+®(t,u(t))))dt+EZ(t, X (¢))dW (t), u(0) = ug (23)
where W is a Wiener process in H and ® € U{ is a control.

Example 3.2 (Stochastic 2-D Navier-Stokes equation) There is an optimal

control ® which minimizes the cost functional J given by[8 (see [2]).

Proof: In this example we will consider A(t,u,v) = Av+ B(u,v) for t € T,
u,v € V. First, we will verify that if ug € L*(Q, H), then (23) has a unique
solution u = ug. In fact, the the hemicontinuity (A1) is due to the fact that
B is a bilinear map.

About (A2), we have that (see [9])
1/2 1/2
[(B(u,v), w)| < 2fwlly[lul " [ul/? o]l 2[lv]l/* for all w,v,w eV (24)

then

(B(u),u —v) = (B(u,v),u —v) =—(B(u—v,u—0v),v)+ (B),u—v) <

< Zlol llo = ull® + §llo = ull}, + (B(v),u —v)

then we obtain the following inequality (see Lemma 2.3 of [9], for a similar

inequality)
40 2 v 2
(B(w) = B(v),u =) < ~|lvl[yllo = ull” + 7o —ully (25)

16



thus

2(Au — Av,u —v)y+ 2(B(u) — B(v),u —v) + 2(®(t,u) — ®(¢,v),u —v)+

HIE(tw) =StV < —vllu—vlf + Slvllf Il — ull® + Lo — ul]? + 22 ]v - ul?

Hence, we have the local monoticity (A2) with p(v) = Z|v||2..
As in ([8]) we can use the inequalities
lullZs < V2l ullr2 | Vull: u € Hy(O) (26)

and (see Lemma 2.1 and proof of the Lemma 2.2 of [9])
(B(u), w)| < V2|l 1o [wllv, for fwly <1

to get (A4) with f = 2. Analogously (A3) is verified using the property
(B(u,v),v) = 0. Thus, from Theorem (I.I)) there is a unique solution for the
equation (23]).

Now, we proceed to demonstrate (C2) - (C5). In fact, since

(B(v1,v2) — B(vs,v3), v —wv3) = (B(vy —vs,vg —v1),v2 — V3)+
+(B(v1 — va,v1) ,v2 —v3) + (B(vy — v3,v1),v3 —v3) <
<2fvz —villy o = wslly/*llor = valZlen = vl oz — vs]] /24
+ollolllonlv flor = vallvllor = vall + llorl lva = v31* + §llvz — vslf3,
thus we have
2(Avg — Avsg, vy —v3)+ 2(B(v1,v2) — B(vs, v3),v3 — v3) <

1/2
Y2 g — vg|[yf?||vs — vs|| 12+

1/2
< 4oy = wiflvllor = vslly/* o1 — v
+e lor[l[vr[lv flor = v2llv[lor = vall+ o1 |3 [lva = vs]® = v]ve — ws]3,
thus (C4) is satisfied with ¢; = 4, co = %, c3 =4,¢c4 =c5 =c;y =0 and

cg = v. Since (B(v,v1),v1) = 0, we have that (C2) is satisfied with K1 = v

and J; = 0. To demonstrate (C3), observe that

(B(v,v1) — B(v,v2),v1 —v2) = (B(v,v1 —v2),v1 — vg) =0,

17



hence
(Avy — Avg,v1 — v2) + (B(v,v1) — B(v,v2),v1 — v9) < —vljvg — ’UQH%/,
thus, (C3) is satisfied with 6; = v. In view of ([24]) we have, for v € V fixed
1A v, o)< 2vlfor[[§ + 4ol ol + 4lfor [ o1 for v € V

hence (C5) is satisfied with 62 = 2v, p3 = py = 4 and p5 = 0. And the claim
follows from Theorem 231 O

Now we will consider the following initial-boundary value problem

du(t) = (a(fD udx)Au + ®(t,u))dt + g(t,u)dW(t) on t € ]0,T7, (27)
u(z, 0) = up(x) on D and u(z,t) =0 on 0D x ]0,T]

where D is a bounded open subset of R™ with smooth boundary 0D, n > 1,
a = a(s) is a continuous function with Lipschitz constant L such that 0 <
p < a(s) < P where p and P are constants, W is a Wiener process in L?(D)
and ® € U is a control.

In this case the Gelfand triple
VCcCH=H cV,
where V = H}(D) and H = L*(D).

Example 3.3 (Stochastic nonlocal parabolic equation) There is an optimal

control ® which minimizes the cost functional J given by (8) to the equation
(7).

Proof: In this example we will consider A(t,u,v) = (a( [, udz)Av for t €
T, u,v € V. First, we will verify that if ug € L*(Q, H) then (27) has a
unique solution v = ug. In fact, the hemicontinuity (A1) is a consequence

of properties of a.
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About (A2), we have

(A(t,u,u) —A(t,v,v),u—v ) < —(a([pu(

fD u(t,x)dz)(Vu—
(a([pu(t, z)dx)—

then

(A(t,u,u) — A(t,v,0),u —v) + gHV(u -

thus
2(A(t,u) — A(t,v),u — o)+ 2(P(t,u) —

C(D)Ll 2
<=5l ull®+

- llo = wl® +Lllv -

Hence, we have the local monoticity (A2) with p(v) =

C(D) = 1p.

We proceed to demonstrate (A4), we have

(At w),

v)|* <

O(t,v),u —v)+

2a
7””

Vu —a([pv(x)dz)Vo, V(v —v)) <
Vo), V(u—v))+

a( [pv(t,z)dx)) Vo,V (u —v)),

C(D)IL,
—5 = vlP|llly,
p

—E(t,)[3 <

IE(t, u)

— %

%HUH% where

w)? < Pllullf, for wly <1

so we have (A4) with 8 = 2. Similarly, (A3) is verified. Thus, from Theorem

(TT) there is a unique solution for the equation (27)).

The properties of a provide (C2) with K;
properties of a we obtain (C3) with 6,

(C4.) In fact, since

= p and J;

= 0. Using the

= p. Now, we proceed to demonstrate

(A(vi,v2 ) — A(vs, v3), (v — v3)) =
= (A(v1,v2) — A(vs, va), (vg — v3)) +
+ (A(vs, vg — v3), (v2 — v3)) =
- ( a(/D o (@) da — a(/D v()da))Vvs — Vor, V(vs — v3)> +

~ ((at [ (oo~ a( [ va(@)de)Tor, Toa - va) ) +

v3), (v2 —w3)) <
2P
+ ?H’UQ

412C(D
+ 22D [ 12 oy — wg® +

+ <A(U3, V2 —
<

3
—Fllv2 = vs§ — i+

19
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thus (C4) is satisfied with ¢; = 0, cog = 0, c3 = 4Ly, ¢4 = %, cs = 4L,
cg = % and c¢; = 0. Using the properties of a we obtain (C5) with 0 = P
and p3 = py = ps = 0, and the claim follows from Theorem 23] O

Let D C R” be an open bounded domain with smooth boundary.
Lemma 3.1 Consider the Gelfand triple
V:=H}(D)C H:=L*(D)cV':=H (D)
and the operator .
A(w) = Au+ Y fi(u) Dy,
i=1

where f;, fori=1,...,d are bounded Lipschitz functions on R.

(1) If d < 3, there exists a constant Ko such that

2(A(w) — A(v),u—v) < —llu— v} + (K + KlJol3)u — olld, v, v € V.
(2) If d = 3, there exists a constant K3 such that

2(A(u) = A(v),u —v) < —[lu— |} + (Ks + Ks|o|[i/)|[u = vlf, u, v € V.
(8) If f; are independent of u fori=1,...,d , i.e.

d
A(u) = Au+ Y fiDu,
=1

then for d > 1 we have
2(A(u) — A(v),u —v) < —|lu—v||} + Kyllu — 0|3, u, v € V.
where K4 1s a constant.
Proof: See Lemma 3.1 of [§] O

Example 3.4 ( Stochastic semi-linear equations). Let d < 3 and consider
the initial value problem involving the controlled semi-linear stochastic equa-

tion
d
du(t) = (Au(t)+ " fi(ult) Dyult)+ D (u(t)))dt+E(u(t))dW (1), u(0) = ug
i=1
(28)
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where W (t) is a Wiener process on L?(D), ® is the control and f;, are
bounded Lipschitz functions on R for i = 1,...,d. Suppose that |f;(z)] <

J < 1. There is an optimal control ® for the problem (P).

Proof: We can suppose that all f; with ¢ = 1,...,d have a Lipschitz con-
stant L.

We define the map
d
Au,v) = Av+ > filu(t))Dyv(t), uweV.
i=1

The hemicontinuity (A1) follows from the continuity of f and E. We give
the proof of (A2)-(A4) only for the case d = 3; the case 1 < d < 3 is similar.
Therefore, by Lemma B.1]

2(A(u) = A(v), u=0)+2(®(u) = ®(v), u—v) < —%||u—v\|2&+(a2+K2HUHA&)HU—UII%I

for u,v € V. Hence, (A2) and (A3) are satisfied with v = 2 and p(v) =

Ks||v||{ respectively. We proceed to demonstrate (A4), we have that
[(Au, 0)[* < Cllull¥ [0l

so we have (A4) with 8 = 2. Thus, from Theorem (L)) there is a unique
solution for the equation (28]).

Now we proceed to verify (C2) - (C5). Using the properties of f; we have
that (C2) is satisfied with K; =1 — J and J; = 0. Since

(A(v,01) = A(v,v9),01 = v2)) < =(1 = J)[Jor = vaf

we have that (C3) is satisfied with 6, =1 — J.
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Using the properties of f; we obtain the following inequality

(A(v1,v2) — A(vs,v3),v9 — v3)) < —|lvg — v3HV+
S [p(fi(vr) = fi(vs))(Divs — Dyvr)(ve — vg)da—+
+ 30, [p(filvr) = £i(v2)) Di(vr) vy — vs)da+

+ 30, [p(filva) = fi(vs)) Di(vn)
+5°% [ fi(vs)(Dive — Dyws)(vg — v3)da <

< —|lva — w3l + 2J vy — vs]|[lva — v1llv+

(1)2 — Ug)d.%’-i-

+Lilvr = v2llpa(pyllve — vsllLapyllorllv+
+Lillvz = w3l Fa s lonllv + Tlvz — vslllvz — vsllv,
for vy, vy, v3 € V. For d < 3, from inequality (26) and from (29) we have
(A(v1,v2) — A(vs, v3),v2 — v3)) < ——Hvz —u3lH+
oz — vsl2llon 12 + 277 foz — vsll? + (1 + 50 oz — v |3+
Hgllvr — val g for [+
thus (C4) is satisfied with ¢; = ¢y =0, ¢3 = KLW ey = (1+ Lé), c5 = =
cg = i and c7 = 2J2.
For d = 3, from (29]), Young’s inequality and the following inequality (see
p. 34 of [9]):

||UH%4(D) <4< ||UHL2(D)HVU||?£2(D) ueV
we get

(A(v1,v2) — A(vz, v3),v9 — v3)) < —in — usl5+

8
LA (L) vy — w32 [Jor | * + 272 [Jvs — vs]|? + (1 + 222 L) jwg — oLl +

+1llvr = va|E Jor[[§+

4
thus (C4) is satisfied with ¢; =0, co =0, ¢c3 = %3L‘1133(lgg ), ca =1+ 3L
c5 = ﬁ, cg = i and ¢; = 2J2.

Finally, (C5) is satisfied with #3 = 14 L, p3 = p4 = 0 and p; = 1, and the

claim follows from Theorem [2.31 O
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